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Abstract 

For the integrable spin-s XXZ chain we express explicitly any given spin-s form factor 
in terms of a sum over the scalar products of the spin-1/2 operators. Here they are given 
by the operator- valued matrix elements of the monodromy matrix of the spin-1/2 XXZ 
spin chain. In the paper we call an arbitrary matrix element of a local operator between 
two Bethe eigenstates a form factor of the operator. We derive all important formulas of 
the fusion method in detail. We thus revise the derivation of the higher-spin XXZ form 
factors given in a previous paper. The revised method has several interesting applications 
in mathematical physics. For instance, we express the spin-s XXZ correlation function of 
an arbitrary entry at zero temperature in terms of a sum of multiple integrals. 
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1 Introduction 



The multiple-integral representations of correlation functions of the spin-1/2 XXZ spin chain 
have attracted much interest during the last two decades in the mathematical physics of in- 
tegrable quantum spin chains PQI21EII11E1E1EIIH]- They are also derived for the integrable 
higher-spin XXX spin chains through the algebraic Bethe-ansatz method [9l [10]. The multiple- 
integral representations of the finite-temperature correlation functions of the integrable isotropic 
spin-1 chain have been explicitly derived pTl]- 

The Hamiltonian of the spin-1/2 XXZ spin chain under the periodic boundary conditions 
(P. B.C.) is given by 

^xxz = \ t: (-f -f+i + -J-J^i + Aaf . (1.1) 
i=i 

Here aj {a = X, Y, Z) are the Pauli matrices defined on the jth site and A denotes the 
anisotropy of the exchange coupling. The P.B.C. are given by cr1_^_i = for a = X,Y,Z. In 
terms of the q parameter of the quantum group Uq{sl2), we express A by A = |(g + q~^). We 
define parameter rjhj q = exp rj. The transfer matrix of the XXZ spin chain has free parameters 
which we call the inhomogeneity parameters Wj for j = 1,2, . . . , L. 

Recently, a systematic method for evaluating the form factors and correlation functions of 
the integrable higher-spin XXZ spin chain has been proposed by applying the fusion method 
[T2| [T3| [H]. However, the proposed method was not completely correct \15\. In the paper, we 
revise the previous method for evaluating the spin-£/2 form factors, and formulate systematic 
formulas by which we can express any given spin-£/2 form factor in terms of a sum over the 
scalar products of the spin-1/2 operators. We show the derivation of the revised method, 
explicitly. As an application of of the fusion method we derive a concise multiple-integral 
representation for the spin-s XXZ correlation function of an arbitrary entry in a region of the 
gapless regime, which is now expressed in terms of a sum of the multiple integrals. Here we 
remark that we call an arbitrary matrix element of a local spin-s operator between two Bethe 
eigenvectors a form factor of the operator in the paper, following Refs. [21 [6] . 

Let us review the fusion method for evaluating the higher-spin form factors briefly, and point 
out where it was wrong. We consider the integrable spin-£/2 XXZ spin chain for an integer £ 
with i > 1. In the fusion method we construct the spin-£/2 XXZ transfer matrix in the following 
two steps: we first construct the spin-1/2 transfer matrix with Wj = w^p from the product of 
the spin-1/2 /2-matrices with their rapidities shifted by the inhomogeneity parameters Wj which 
are given by the A^^ pieces of the complete ^-strings wf'' such as Wj = w^^ for j = 1, 2, . . . , L 
(see §2.4); we then multiply the product with the spin-£/2 projection operators. Here, the 
spin-£/2 chain with A^^ sites is defined on the spin-1/2 chain with L sites, where L = iNg. 

When we evaluate the spin-£/2 form factors with the fusion method, we reduce each of the 
spin-£/2 operators into a sum of products of the local spin-1/2 operators, which we want to 
express in terms of the operator- valued matrix elements of the spin-1/2 monodromy matrix 
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through the formula of the quantum inverse-scattering problem (QISP). We then want to 
calcuate the expectaton value or the matrix elements of the sums of products of the local 
spin-1/2 operators with respect to the Bethe states by making use of Slavnov's formula of 
scalar products for the spin-1/2 Bethe-ansatz operators. Here we recall that the inhomogeneity 
parameters Wj of the spin-1/2 monodromy matrix are given by the Ng pieces of the complete 
^-strings, Wj = Wj^\ for j = 1, 2, . . . , L. 

However, the QISP formula does not hold, if one of the transfer matrices appearing in it 
is nonregular. Here we remark that it has the product of the inverse operators of the transfer 
matrices where the spectral parameters A are given by some of inhomogeneity parameters 
Wj. In fact, we can show that the spin-1/2 transfer matrix with Wj = w^^ is non-regular at 
A = the first rapidity of the kth. complete ^-string for an integer koil<k<Ns 

(see §3.6). Consequently, the QISP formula does not hold in the straightforward form for the 
fusion method. Thus, we want to avoid such special values of the spectral parameter when we 
evaluate the matrix elements or expectation values of the higher-spin local operators through 
the fusion method. In the revised method we avoid directly putting the complete ^-strings wf'' 
into the inhomogeneity parameters Wj, as we shall see later. 

The main result of the present paper should have several interesting applications in the 
mathematical physics of exactly solvable models. For instance, with the revised method we 
can evaluate the form factors of various solvable quantum spin chains associated with the affine 
quantum group [16J. Then, for the spin-s XXZ spin chain we can derive the multiple-integral 
representation of correlation functions through the revised method, as we have mentioned in 
the above. Moreover, it should be an interesting problem to calculate some form factors and 
matrix elements of the local spin operators for the superintegrable chiral Potts chains through 
the present method pTlfTS] . Furthermore, there is another interesting possible application. We 
can construct integrable quantum impurity models such as consisting of one spin-S" site with 
N spin-1/2 sites through the fusion method. We can then calculate the form factors for the 
spin-S* site and the correlation functions between the spin-S" site and the other spin-1/2 sites, 
by applying the method in the present paper. These interesting topics should be discussed in 
separate papers. 

The paper consists of the following. In section 2 we introduce the finite-dimensional rep- 
resentations of the quantum group and construct the monodromy matrix of the integrable 
higher-spin XXZ spin chain through the fusion method. We then introduce the complete ^- 
strings, wf \ where the /cth complete ^-string for 1 < a < £ is given by the sequence 

of £ complex numbers shifted by t] successively, such as ^fc, — 77, . . . , — — 1)77. In section 
3, we define the higher-spin elementary operators i?*'-', which have only one nonzero matrix 
element of entry (i, j) with respect to the basis vectors and their conjugate vectors. Then, we 
explicitly derive a formula (Proposition 13.71) . by which we can reduce any given product of the 
higher-spin elementary operators into a sum of products of the spin-1/2 elementary operators. 
In order to prove it we derive two expressions for a given product of the spin-1/2 elementary 
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operators. Interestingly, the overall factor for the form factor of a higher-spin operator depends 
on whether the operator is associated with principal grading or homogeneous grading. In order 
to make the form factors independent of the grading w we define the general spin-£/2 elemen- 
tary operators E'^'^^^^\ We show in §3.6 that the spin-1/2 transfer matrix with Wj = w^^ is 
non-regular at A = = ^k- In section 4, we reduce the form factor of a product of 

the spin-£/2 elementary operators into those of the spin-1/2 elementary operators (Proposition 
14. 2p . We introduce the almost complete i-strings, wf'^'^ (1 < J < -^^), a set of inhomogeneity 
parameters that are slightly different from the complete ^-strings w^p by the order of a small 
parameter e. We reduce the spin-£/2 form factors into a sum of the spin-1/2 scalar products by 
making use of the QISP formula with inhomogeneity parameters given by the almost complete 
^-strings and by sending e to We can revise the expressions of the higher-spin form 

factors given in Ref. [12] making use of Proposition 4.5 |20j. In section 5, we show an explicit 
formula by which we can calculate every spin-£/2 form factor in terms of the scalar products of 
the spin-1/2 operators. Finally, in section 6, we express the correlation function of an arbitrary 
entry for the integrable spin-s XXZ spin chain in terms of a sum of the multiple integrals. 
Moreover, the normalization factors are systematically shown for the general spin-£/2 elemen- 
tary operators E'^'i^^'^) , Here, the expression of the correlation functions is different from that 
of Ref. [13] mainly with respect to the sum over the multiple integrals [21]. Due to the spin 
inversion symmetry, however, the spin-1 one point functions are expressed in terms of single 
multiple integrals, which are the same with those of Ref. [T3|, . 



2 Affine quantum group and the monodromy matrix 

2.1 Spin-^/2 representations of the quantum group Uq{sl2) 

The quantum algebra Uq{sl2) is an associative algebra over C generated by X^^K"^ with the 
following relations: [22l[23l[2i] 

KX^K-^ = q^'^X^ , KK-^ = K'^K = 1 , 

K - K^^ 

^ (2.1) 

The algebra Uq{sl2) is also a Hopf algebra over C with comultiplication 

A(X+) = X+®l + K®X+, A{X-)=X- ®K-^ + 1®X- , 
A{K) = K®K, (2.2) 

and antipode: S{K) = K'^ , S{X+) = -K-^X+ , S{X-) = -X'K, and coproduct: e(X±) = 
and e{K) = 1. 

Let us introduce some symbols of g-analogues. For any given integer n we define the g-integer 
of n by [n]q = (g" — q~^)/{q — q~^), and the g-factorial of n by 

[n]q\ = [n]q[n-l]q---[l]q. (2.3) 
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For integers m and n satisfying m > n > we define the g-binomial coefficients as follows 



m 
n 



\m 



[m - n]g\ [n]g\ ' 



(2.4) 



We first formulate the spin-1/2 representation V^^\ Let \a) {a = 0, 1) be the basis vectors. 
We have X-|0) = = 0, X+|0) = 0, = |0), and K\a) = q^-^^la) for a = 0, 1. 

We now construct the spin-£/2 representation V^^^ of Uq{sl2) for a non-negative integer 
and in the tensor product space {y^^^)®^ of the spin-1/2 representations V^^\ Let us introduce 
the basis vectors of V^^\ ||^, n), for n = 0, 1, . . . First, we define the highest weight vector 
11^,0) by 

||£,0) = |0)i®|0)2®---8)|0),. (2.5) 

Here \a)j for a = 0, 1 denote the basis vectors of the spin-1/2 representation defined on the jth 
component of the tensor product (\/(^))'^^. We remark that and 1 corresponds to up-spin, '|", 
and down-spin, J,, respectively. We also remark that i^H^, 0) = 0). We define \\C--,n) for 
n > 1 by 

|Kn)=(A(^-i)(X-))"||£,0)^. (2.6) 
We then have the following: [12] 



\n 



1- 



\\^,^)= Y. ^:(i)---^:(,)IKO)g'^(^)+'^(^)+---+'^«^^^^^^ forz = 0,l,...,£. (2.7) 

l<a{l)<---<a{i)<t 

Here the sum is taken over all such integers a(l), a(2), . . . , a{i) that satisfy 1 < a(l) < • ■ ■ < 
a{i) < i. We denote by the Pauli matrices acting on the jth site. 
We denote by F{i,n) the "square length" s of vectors \\i,n) as follows. 

F{i,n) = {\\e,n)f-\\e,n). (2.8) 

Here the superscript T denotes the matrix transposition. Setting (||£, 0))"^ ■ \ 0) = 1, we have 



F{i,n) 



n 



-n(l-n) 



(2.9) 



We thus define conjugate vectors (i*, j|| by 

{l,3\\ = m.3)Y /F{1,3) forj = 0,l,...,£. 
Explicitly we have the following: 



(2.10) 
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)+b{2)+-+b{j)-je+j{j-i)/2 



(2.11) 



q l<&(l)<---<b(i)<^ 

It is easy to show the normalization factor (12.91) by making use of the following lemma: 
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Lemma 2.1. For an integer n with < n < £ we have 



E 

l<a{l)<--<a{n)<e 



^2a{l)+-+2a{n) ^ ^n(^+l) 



n 



(2.12) 



Proof. Let us consider the g-binomial theorem: 



,n(n+l) 



k=l 



n 



(2.13) 



Expanding the left hand side of f l2.13p with respect to z we have 



n(i 

k=l 



-z 



E 



2a{l)-\ h2a(n) 



n=0 l<a{l)<---<a(n)<i 



Hence we have fl2.12p . 



(2.14) 



□ 



We remark that when q is complex and not real, the conjugate vector {i,j\ \ is different from 
the Hermitian conjugate of a given vector Hi*, j). Thus, the pairing of \ and \ k) does not 
give a standard scalar product if q is complex and not real. However, the Hermitian conjugate 
of a vector \ is not covariant with respect to the quantum group Uqi^sh) if q is complex and 
not real, while the transposed vector is covariant. Therefore, we express the transposed vector 
as the conjugate vector (^, 

We now introduce the projection operator which maps the tensor product of the spin-1/2 
representations (\/(^))®^ to the spin-£ representation V'^^\ In terms of the basis vectors and 
their conjugate vectors we define it by 



pW = 5^||£,n)(£,n||. (2.15) 
We shall denote it also by Pflf^, since it is defined on the tensor product (\/(^))®^. 



2.2 Operators in the tensor product space 

Let us consider the tensor product V^^'' (g) ■ ■ ■ ® V^^"* of the (£ + l)-dimensional vector spaces 
Vj^^ with parameter \j for j = 1,2, . . . , Ng. Here we assume L = iNg. We call the tensor 
product Vi^'' ® • ■ ■ ® V^^'' the quantum space. In the most general cases, we consider the 
tensor product of the auxiliary space V^''^*°^ and the quantum space {Vl''^^®---V}''^^) such 

as Vq'^^°'^ (^i"^^^^ ® ■ • • (8) K''^'*'^'* j with 2si + - ■ ■+2sr = L, where Vj.*-^*-'-* have spectral parameters 
Xj for j = 1,2, ... ,r. Here sj are given by integers or half-integers for j = 0,l,2,...,r. 

We denote by e"' ^ such two- by-two matrices that have only one nonzero element equal to 1 
at the entry of (a, b) for a,b = 0, 1. We also express by E'^'^^'^^^ the (2s-|- l)-by-(2s + 1) matrices 
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with unique nonzero element 1 at the entry of (a, b) for a,b = 0, 1, . . . , 2s. If it is defined on 
the jth component of the quantum space, we denote it by E°j'^^'^^\ For a given set of matrix 
elements v4?'g for a, 6 = 0, 1, ... , 2s,- and a, /3 = 0, 1, . . . , 2sfc, we define operators Aj^k by 



2s, 2s,. 



a,6=l a,/3=l 

^^a,b(2s,) ^ j(2s,+i) ^ . . . ^ j(2sfc_i) ^ ^a,/3(2sfe) ^ j(2sfe+i) ^ . . . ^ j(2s.) _(^2.16) 

Similarly, for a set of matrix elements for a, 6 = 0, 1, ... , 2sj, we define operators Bj by 

2s, 

i3j = ^ ® ® ■ • ■ ® ® ^«.M2s,) ^ j(2s,+i) ^ . . . ^ J(2s.) _ (^2.17) 

a,fe=l 



2.3 i?-matrix and the monodromy matrix of types (1, 1 



Let us introduce the i?-matrix of the XXZ spin chain [H El El [7j. Let Vi and V2 be two- 



dimensional vector spaces. The i?-matrix acting on Vi ^ 
grading of type w = + is given by 

/ 1 





V2 associated with homogeneous 



a,b,c,d=0,l 



b,d 
62 




\ 





b{u) 
c+(n) 






c-{u) 
b{u) 




\ 




1 / 



(2.18) 



[1,2] 



where u = Xi — A2, b{u) = sinhu/ sinh(M + rj) and 



[u 



exp(±u) sinhi]/ sinh(u + rj). Here, 



the suffix [1, 2] in eq. fl2.18p denotes that the matrix acts on the tensor product of Vi and V2. 

We remark that the i?- matrix associated with homogeneous grading of type w = —, 
-^i2~'*('^i ~ -^2)5 is given by exchanging all the ± signs in fl2.18p [121 fT3] . 

In the massless regime, we set t] = i( hj a real number (, and we have A = cos^- In the 
paper we mainly consider the region < ( < tt /2s for the correlation functions. In the massive 
regime, we assign 77 a real nonzero number and we have A = cosh 77 > 1. 

We denote by R^^^\u) or simply by R{u) the symmetric i?-matrix where c^(m) of fl2.18l) 
are replaced by c{u) = sinhr^/ sinh(M + rj) [12]. The symmetric i?-matrix is compatible with 
principal grading of the affine quantum group Uq{sl2) [12] . 

Let us now consider the (L + l)th tensor product of the spin-1/2 representations, which 
consists of the tensor product of the auxiliary space V^^"^ and the quantum space which is given 
by the Lth tensor product of v/^^ for j = 1, 2, . . . , L; i.e., V^^^ ® {v^^^ ®---®V^^Y call 



the tensor product that of type (1, 1®^). 

Let {wj^L denote the set of free parameters Wj for j = 1,2, . . . , L. We call them inhomo- 
geneity parameters. We define the spin-1/2 XXZ monodromy matrices associated with grading 
of types w = ±,p hj 



(Iw) 
0,12-L 



(Iw), 



(2.19) 
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Here i?^^. denote the i?-matrices associated with grading of types w — ± and p with inhomo- 
geneity parameters {wj}i. 

2.4 Rapidities forming n-strings 

We introduce a set of rapidities for a positive integer n, which we call a complete n-string. It 
is given by a set of n rapidities of the following form: 



Here we call parameter A the center of the complete n-string. 

Let e be an infinitesimally small number; i.e., we have |e| <C 1. We take generic parameters 
for 6 = 1, 2, . . . , n. We define an "almost complete n-string" by the following set of n rapidities 



They are different from the complete n-string with center A by the small numbers er^. 



Here we assume that parameters are generic. We recall iNg = L. 

When e = the set of inhomogeneity parameters Wj^' gives A^^ pieces of complete ^-strings. 
We denote them by Wj^''; i.e., Wj^'' = w^j'^'' for j = 1, 2, . . . , L. We shall put w'j'^'' and w^p into 
the homogeneous parameters Wj {1 < j < L) of the spin- 1/2 transfer matrix defined on the L 
sites, later. 

2.5 Monodromy matrix of type {1^1®^'') 

We shall now construct the spin-£/2 monodromy matrix on the spin-£/2 chain with Ns sites. 
We define L by L = INg. We consider the tensor product of the spin-1/2 auxihary space V^^"* 
and the A^^th tensor product (yW)®-^- of quantum spaces V'^^^; i.e. F^^^ (8) Here we 

construct (yW)®^^ in {V^^))®^ . 

In the fusion construction of the higher-spin monodromy matrices it is useful to introduce 
the following symbols for the spin-1/2 monodromy matrices: 



A,- = A + (n - 2j + l)r}/2 , for j = 1, 2, . . . , n. 



(2.20) 



Aj- = A + (n - 2j + 1)77/2 + en , for j = 1, 2, . . . , n. 



(2.21) 




(2.22) 
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We thus express the (0,l)-element of the spm-1/2 monodromy matrix T^^'^^'^\\) as 

i?(^+;o)(A) = (T(i'^+^o)(A))^^^. (2.25) 

Let us denote by P£(^l_i)^i the projection operator which maps the tensor product of the spin- 
1/2 representations ® ■ ■ ■ CS) V^(),Li)+^ to the 6th component of the A^^th tensor product 

(\/(^))'Xi^s_ Here b is an integer satisfying 1 < 6 < Ng, and the tensor product V^(5Li)+i ® ■ ■ ■ ® 
'^e(b-i)+e corresponds to the i{b — l) + 1th to i{b—l) + ith components of the Lth tensor product 
We define P^^^^ by 

^■a = n (2-26) 



=1 



We construct the spin-£/2 monodromy matrix T^^i^^.lf^ (A) associated with homogeneous grading 
by applying the projection operator -P^f^j^ = Hfeii Pe(b-i)+i follows [12] • 

7l!:iJi(A; {^,UJ = P^.jlli^:^{X)P?., . (2.27) 

2.6 Higher-spin monodromy matrix of type (£, {2s)®^') 

We set the inhomogeneity parameters Wj for j = 1, 2, . . . , L, as A'^s sets of complete 2s-strings 



. We define wf^^l-,* , ^ for /3 = 1, . . . , 2s, as follows. 



wfsi-i)+l3 = ^b-{P-l)v, for 6 = 1,2,..., AT,. (2.28) 

We now define the monodromy matrix of type (1, (25)*^^^) associated with homogeneous 
grading. We first recall the definition of the monodromy matrix as follows. 

.(l,2s+)., . s _ „{2s) d(1,1+)/\ .r„(2s). ^ „(2s) 



(2.29) 



We shall now define the monodromy matrix of type {£, (2s)®^=) associated with homoge- 
neous grading. It acts on the tensor product of the auxiliary space V^^.-.a^ and the quantum 
space V"/^'^'* (g) • • ■ ® V^^'^''- Let us express the tensor product Vq^'^ ^f/^*'' (g) ■ ■ ■ V^^'*'' j by the 
following symbol 



Ns 



{i, {2sr'^) = {i,2s,2s,...,2s). (2.30) 

Here we recall that Vq^^ abbreviates vifa2...a<>. For the auxiliary space Vq^^ we define the mon- 
odromy matrix of type {i, {2s)^^'') by 

rjn{e,2s+) _ ^{1,2S+) N^{1,2S+) _ „ N . . ' 2s +) _ p(2«) 

(2.31) 

Here we remark that it is associated with homogeneous grading. 
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2.7 Gauge transformations 

Let us consider a two-by-two diagonal matrix ^{w) = diag(l, exp(w)). In terms of the tensor- 
product notation (12.171) we introduce ^j{w) for j = 0, 1, . . . , L, in the tensor product (y^^^)'^^ 
of the spin-1/2 representations V^^\ We define the gauge transformation Xi2 - l by 

X12-L = <^i{wi)<l>2{w2) ■ ■ ■ $l(wl) . (2.32) 

Here Wj denote the inhomogeneity parameters of the spin-1/2 transfer matrix of the XXZ spin 
chain for j = 1,2, . . . , L. 

In the iV^th tensor product of the spin-£/2 representations, (V^^^^®^"^ which we call the 
quantum space of the spin-£/2 XXZ spin chain, we now introduce the gauge transformation 



Xi2---Ns spin-£/2 monodromy matrix T^^'^^\X) with inhomogeneity parameters w 

for k = 1,2, . . . , Ng. Here we recall that they are given by the complete ^-strings (I2.22p with 
parameters for 6 = 1,2,..., A^^. We introduce the {i + l)-by-(£ + 1) diagonal matrix ^^^\w) 
by 

<^^^\w)\\i,n) = exp{nw)\\i,n) ioi n = 0,1, . . . ,1 (2.33) 
We then define the spin-£/2 gauge transformation Xu-.-n^ quantum space (^(^))®^« by 

xfl.N. = <fi'HAi)$f (A2) ■ ■ ■$S(AivJ , (2.34) 

where A;, denote the string centers as follows: 

A6 = 6-(^-l)W2, for 6=1, 2,..., iV,. (2.35) 

Considering the tensor product of the auxiliary space V"^^-* and the quantum space 
we define the gauge transformation Xo^'i2---Ns ^^^"^ ® (yW^'^'^^ by 

xSi2„..=*otS"---tS. (2.36) 

Similarly, we define Xo,i2-l by Xo,i2 -l = $o(A)<l'i(wi) ■ ■ ■$l(wl). 



2.8 Spin-£/2 monodromy matrices associated with principal grading 

We now construct the higher-spin monodromy matrix of type (1, (£)®^') associated with prin- 
cipal grading. We denote it by Tq^u^'^NsW' which acts on the quantum space v}^^ ® • • ■ C?) V^^\ 
In the fusion construction we define it by 

-^0,12-Ns\'^f ~ yX0,12-NsJ -^0,12 ■ Nsy^J yXo,12 - NsJ 

~ (xo,12^---7Vs) ^Ay -L^O, i2 - L H'^)Ay- L) Xo,'l2*---Ars • (2.37) 

Let us construct the higher-spin monodromy matrix of type {i, {2s)^^'') associated with 
principal grading, which acts on the quantum space Vi'^'^^ (g) ■ ■ ■ V^f^- From the higher-spin 
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monodromy matrices associated with homogeneous grading we derive them through the inverse 
of the gauge transformation as follows 

= (xS'i,.....) . (2.38) 
Here Xa^^2^ 12 a^^ denote the following: 

= $S...a.(Ao)$S"^(Ai) ■ • ■ $g:HA^J , (2.39) 

where Aq denotes the string center, Aq = A^^ — (^ — 1)^/2- 
Hereafter we shall denote t(1'^'"')(A) by T(^''")(A), briefly. 



3 Reduction of higher-spin elementary operators 

3.1 Spin-£/2 elementary operators associated with homogeneous and 
principal gradings 

Let us consider the spin-£/2 representation V^^^ constructed in the ith tensor product space 
(\/(i))®^. We define the spin-£/2 elementary operators associated with homogeneous grading, 

Ei'ii^+\ by 

E^'^('+) = \\i,z){i,j\\ for z, J =0, (3.1) 
We define the spin-£/2 elementary matrices associated with principal grading, E^'^^^^\ also by 

E^.^-(^p) = ||£,z)(£,j|| for^,j=0,l,...,£. (3.2) 
In the paper we define it by the same operator as that of homogeneous grading. We have 

= Ei,j{tp) = . (3.3) 

Through (12.151) . which expresses the projection operator in terms of the basis vectors and 
conjugate vectors, we have the following: 

Lemma 3.1. In the (£ + 1)- dimensional representation V^^"^ for the spin-t/2 elementary oper- 
ators with grading of w = ±,p and the spin-i/2 projection operator we have 

pW i^w) _ j^i,j(iw) p{e) _ j^i,j{iw) ^ (2) A) 



Let us recall that we have set L = iNs, and the quantum space (V^^^)'^'^'' is constructed in 
the Lth tensor product space (1^(^))®^. We now introduce the spin-£/2 elementary operators 
associated with grading of w, E^^^^^'^\ acting on the kth. component of the quantum space 
(\/W)®^^ as follows. 

^i,j{iu,) ^ ^ ^ ^j{i)^^iN.-k) A; = 1,2, . . . , AT^. (3.5) 
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3.2 Two expressions of a product of spin-1/2 elementary operators 

For a given product of the spin-1/2 elementary operators we shall express it in another form. 
Let us first consider the simplest example. In terms of the highest weight vector ||^, 0) = 
|0)i (g) • • ■ \0)i we have the following: 

\\i,0){i,0\\ = |0)i® |0), (0|i® (0|, 
= |0)i(0|i® |0),(0|, 

= er---er. (3.6) 

Thus, the product of the spin-1/2 elementary operators e°' ° ■ ■ ■ e°' ° is also expressed as | \£, 0) 0| | 
Here we remark that (0|i = (1, 0) and |0)i = (1, 0)"^, where the superscript T denotes the matrix 
transposition. We thus have 

|o),(o|i = (1,0^(1,0) = J o) = "°'°- ^2-^) 

We shall generalize relation (13. 6 p in the following. 

Let us introduce symbols for expressing sequences. If a sequence of numbers, ai, 02, . . . , cat, 
are given, we denote it by (ojOat, briefly; i.e., we have 

(ojOat = (ai,a2, . . . ,aAr) . (3.8) 

Here we recall that we denote by {fik}N a set of parameters fik', i-e., yUi,/X2, • • • ,fJ^N- 

We now consider two sequences consisting of only two values or 1, {e'^)e and (e/?)^. Here, 
the values of e'^ and Ej^ are given by or 1 for a, /3 = 1, 2, . . . , For given such sequences {£'a)e 
and (e^)^ we consider the following product of the spin-1/2 elementary operators: 

Ylel"'' = el'''' ■■■e/''' . (3.9) 

k=l 

Here we recall that e^, for £ , £ = 0, 1 denote the two-by-two matrices defined on the fcth sites 
with unique nonzero element 1 at the entry [e ^e) for integers k satisfying \ <k < i. 

Let us give another expression of product (13. 9p . We define a set or by the set of integers 
k satisfying = 1 for \ < k < i and a set ol^ by the set of integers k satisfying = for 
1 < A; < £, respectively: 

«"(R}) = {a; 4 = 1 (1 < « < ^)} , a+({£4) = 5^ = (1 < /3 < £)} . (3.10) 

Let us denote by the set of integers 1,2, ... ,i; i.e., = {1,2, . . . , £}. In terms of sets 0;=*= 
we express the product of elementary operators given by (13. 9p as 

n ^a\%o){i,o\\ n (3.11) 

aea- beT,e\CX+ 
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We now derive the expression of fl3.9p from that of (13.111) . in detail. Let us denote by r 
and r' the number of elements of the set a" and ct^, respectively. We express the elements of 
cx~ as a{k) for k = 1, 2, . . . , r, and those of \ as b{k) for k = 1, 2, . . . , r', respectively. 
Expressing r and i — r' by i and j, respectively, we have 

cx = {a(l), a(2), . . . , a{z)} , \ «+ = {6(1), 6(2), . . . , 6(j)} • (3.12) 

Hereafter if not specified, we shall put them in increasing order: 1 < a(l) < ■ ■ ■ < a{i) < £ and 
1 < 6(1) < ■ ■ ■ < 6(j) < i, respectively. Here we recall i = r and j = £ — r' . We thus express 
the product of the elementary operators in terms of a{k) and b{k) as follows: 

n ^alKO)(£,0|| n = Ni)---^a»IK0)(£,0||a+,)---a4.) 

_ 1,0 1,0 0,0 0,0 0,1 0,1 iq^ 

Calculating products of two-by-two matrices, from expression (13. lip we derive the expression 
in terms of products of the spin-1/2 elementary operators, e^^'^^ ■ ■ ■ e^/'^\ such as given in (13. 9p . 
Here, we derive the sequence {e'^)e by setting e'^^j^^ = 1 for = 1, 2, . . . , z while e'^ = for 
a 7^ a{k) with k of 1 < k < i: 

' 1 \ia = a{k){\<k<£), 
otherwise . 

Similarly, we derive sequence (e/?)^ by setting ^^(fc) = 1 for k = l,2,...,j while 5/3 = for 
/3 7^ b{k) with kofl<k<j. 

Let us introduce useful notation. Suppose that we have a sequence {e'^)e such that = or 
1 for all integers a with 1 < a < £ and the number of integers a satisfying e'^ = 1 (1 < a < £) 
is given by i. Then, we denote e'^ by e'^{i) for each integer a and the sequence {e'^)e by {e'^{i))£. 
In the same way, we denote by {£i3{j))e a sequence of or 1 such that the number of integers 
(3 satisfying Sis^j) = 1 for 1 < /3 < £ is given by j. The two expressions of a product of the 
spin-1/2 elementary operators are summarized as follows. 

Lemma 3.2. Sequences {s'aii))e (£/3(j))£ are related to integers a(l) < a(2) < ■ ■■ < a{i) 
and 6(1) < 6(2) < • ■ ■ < 6(j), respectively, by 

e[{i),ei{j) e',{t),ee{j) _ 1, . . 1, 0, . . 0, 0, 1 _ _ 0, 1 /o i c-N 

^1 ^£ ~ ^a(l) ^a(j) ^1 ^6(1) ^b(i) ' {O.IO) 

^ II a-\\£,0){£,0\\ n (3-16) 

3.3 Reduction into the spin-1/2 elementary operators 

We shall express the spin-^/2 elementary operators for integers i and j satisfying 

1 < "^jj < ^ in terms of sums of products of the spin-1/2 elementary matrices. It follows from 



13 



(EZD and fIZTT]) that we have 

Here the sum is taken over all sequences {£'ai'>'))e and (^^(j))^. The coefficients giji^'aii), 
are given explicitly as follows. 

-1 



3 



(a(l)+---a(i))Mb{l)+---+b{j))-{i+jY+i{i-l)/2+j{j-l)/2 



(3.18) 



The ket vectors ^| | satisfy the following symmetry, which plays a central role in the fusion 
method for evaluating the spin-£/2 form factors. 

Lemma 3.3. Let ol he a set of distinct integers {a(l), . . . , satisfying 1 < a(l) < . . . < 
a{i) < i, we have the following: 

-1 



(^'^ll^a(l)---^a(i)ll^'0) 



-(a(l)+---+a{i))+i 



-i{i-l)/2 



which is independent of the set cx = {a(l), a(2), . . . , a{i)}. 

Proof. From the explicit expression f l2.1ip of the conjugate vector {i,i\\ we have f l3.19p . 



(3.19) 



□ 



Expressing the matrix elements of the matrix ^{w) as {^{w))^ = 6{a, b) exp(aiy) for a,b = 
0, 1, we show the gauge transformation Xi2...£ on the spin-1/2 elementary operators as follows. 

Lemma 3.4. Recall that e'^{i) andei3{j) are related to a{k) andb{k) via i\3.15\) . Every product 
of the spin-1/2 elementary operators is transformed with the gauge transformation as 



Xl2-l 



■ e 



■ e 



^-(a(l)+-+a(i)-i)+(fe(l)+-+b(j)--i)^(i-i)6 



(3.20) 



It is useful to express Lemma 13.31 in the following form. 

Corollary 3.5. For a pair of integers i and j with 1 < i,j < i, let us consider sequences 
{^'ai^))t ^'^^ (£^/3(j))^; which correspond to sets a" and ct^ , respectively, through ^3.15\) and 
Ii3.16\) . The product of the spin-1/2 elementary operators multiplied by the projection operator 
from the left and multiplied also by g-(«-(i)+ - +"(*))+* dpgg f^gi depend on the set a' 

-1 

g-(-^)/2||£,z)(£,0|| n ^t- (3-21) 

In terms of the gauge transformation we express relation Ii3.21\) as 

-1 

q 6GS^\a+ 

(3.22) 



Xi2-ee 



X 



12-e 
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Lemma 3.6. The sum of coefficients gij{e'^{i), ^/^(j)) over all sequences {s'aii))e multiplied by 



q 



a{l)+---+a{i)-i 



is given by the following: 



^b{l)+-+b{j)-j^i(i-l)/2-j{j-l)/2 _ (^3_23) 



Here we remark that we take the sum over all sequences of the form of {e'^{i))i. 

Proof. Putting n = i in (12.121) and observing that the sum over sequences {s'^{i))e corresponds 
to the sum over integers a(l), . . . , a{i) satisfying 1 < a(l) < • • ■ < a{i) < i, we have (13.231) from 

i^M- □ 

We thus show the main formula for reducing the spin-£/2 operators into the spin- 1/2 ones. 



Proposition 3.7. For every pair of integers i and j with 1 < i, j < i the spin-i/2 elementary 
operator associated with grading w, I 
1/2 elementary operators as follows. 



operator associated with grading w, E\^^^^\ is decomposed into a sum of products of the spin- 



i,j (ew) 



y ^ -'l2...£ 2-^ Xl2-itil A12---^ • 

(3.24) 

Here, we fix a sequence {s'a{i))i ■ Furthermore, the expression ^3.24\ ) does not depend on the 
order of e'^{i) s with respect to as. 

We shall show the derivation of Proposition 13.71 explicitly in Appendix A. 
In terms of the string center: Ai = — (£ — l)ri/2, the q factors in eq. (13.241) are expressed 
as follows. 



^i(i-l)/2-i(i-l)/2g-(i-i)6 



Thus, introducing the symbol 



^-i(e-i)/2+j{e-j)/2^-{i-mi^{e~i)r,/2) 

^-i(^-i)/2+i(^-i)/2g-(i-i)Ai ^ 



-i{e-i)/2+j{e~j)/2 



we express (I3.24p compactly as follows 



Xi2---e 



(3.25) 



(3.26) 



(3.27) 



In Ref. [13] the Hermitian elementary operators (^•+) are introduced. The expectation 
values of the Hermitian elementary operators are the same as those of the standard elemen- 
tary operators, E^'^^^'~^\ We shall show the reduction formula for the Hermitian elementary 
operators in Appendix B. 
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3.4 General spin-f/2 elementary operators 

Let us consider a similarity transformation of the basis vectors as follows 

\\i,m) ^ \\i,m)/g{m) , {i,n\ \ ^ g{n) {i,n\\ , for m,n = 0,1, ... ,i. (3.28) 

In the spin-£/2 representation constructed in the ith tensor product space (V^(^))'^^, we define 
the general spin-s elementary operators associated with principal grading, E^'^(^p\ by 

E''^ (^P) = 1 1£, ^) (£, J 1 1 ^ , for ^, J = 0, 1, . . . , 1 (3.29) 

Then, through the spin-^/2 gauge transformation we define the general spin-s elementary op- 
erators associated with homogeneous grading by 

E-^^'^^^ = X[1.^J-^^''^ (xSU)"'. (3.30) 

We explicitly have 

= (£,^-||^e(^-^^)(«-(^-i)''/2)^ z, J = 0, (3.31) 

Here we recall that the quantity ^ — {i — 1)^/2 corresponds to the string center of the ^-string: 
C,,C,—Ti,... , ^ — (£— 1)77. They are originally the evaluation parameters of the ith tensor product 
of the spin-1/2 representations, (V^(^))®^. 

We remark that the definition of the general elementary operators i^^''-' ^^^) associated with 
grading w are covariant under the gauge transformations. We also remark that if we put 
gU) = 6xp(j(^ ~ ~ 1)^7/2)), then expression f l3.3ip reduces to that of (^+). 

We define the general spin-£/2 elementary operators associated with principal grading acting 
in the tenor product space v}^^ ® ■ ■ ■ V^^'* by 

E^jm ^ ^ E',j(ip) ^ (jW)^{iv.-fe) ^ z, j = 0, 1, . . . ,1 (3.32) 

j (£ _|_'\ 

Similarly we define that of homogeneous grading, -E^ for i, j = 0, 1, . . . , 

Let us introduce the normalization factor A''-^^^] by N-j = N-jg{i)/g{j). We have 

We define 5{w,p) for gradings ± and p by 

5(-,p) = I' = (3.34) 

I otherwise. 

With factor Nf*- and the string center: Ai = ^1 — (£ — 1)7] /2, from Proposition 13. 7[ we have 

Here, we recall that sequence {s'a{i))i is fixed. We also recall that Ai denotes . 
Let us recall Kk = ~ {i ~ 1)^/2 for A; = 1, 2, ... , A^^. We have the following. 
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Proposition 3.8. In the kth component of the quantum space (yW)*^^* for 1 < k < Ng we 
take integers ik and jk satisfying < ik,jk < ^- The general spin-i/2 elementary operator, 
^^kjki^'w) ^ is decomposed into a sum of products of the spin-1/2 elementary operators as follows 

T^ik3k{iw) _ [i-j)A,^S{w,p) pii) Aiik),<^i{jk) Ji{ik)Mh) -I I'Q Q«^ 

{<^fi{3k))l 

Here we fix a sequence {s'aii))e- Furthermore, expression ^3. 36\) does not depend on the order 
of e'^{i) with respect to a. 

Let us consider a product of the general spin-£/2 elementary operators, E^^'^^ ^^^^ ■ ■ ■ Em'-''" ^^'^\ 
for which we shall evaluate the zero-temperature spin-s XXZ correlation functions. We intro- 
duce variables {ik) and B^p\jk) which take only two values or 1 for A; = 1, 2, . . . , m and 
a,(3 = 0, !,...,£. 

Corollary 3.9. Let us take integers ik and jk satisfying 1 < ik,jk ^ ^ for k = 1,2, . . . ,m. The 
product of the general spin-£/2 elementary operators, E^^'^^^^^'' ■ ■ ■ Em'^"''"^ '"\ is expressed in 
terms of a sum of products of the spin-1/2 elementary operators as 

m m 

Y^^ik,jk{<^u,) ^ JJ ^f^W ^~-{ik-jk)AkSiw,p) 
k=l k=l 

^ ^l-L Al2-(£m) J_J_ I e^(fc_l)+l ■■■e^(fc_l)+£ ) Al2...(£m) • 

(3.37) 

Here we fix {sa^ {ik))e for each integer k of 1 < k < m . 

The expression fl3.37p is useful for deriving the multiple-integral representations of correla- 
tion functions for the integrable higher-spin XXZ spin chain, as we shall see in §6. 

3.5 Quantum inverse-scattering problem for the spin-^/2 operators 

Let us recall the formula of the quantum inverse-scattering problem (QISP) for the spin-1/2 
XXZ spin chain [HI E] . 

n— 1 n 

Xn = l[ {A^'""^ + D^'-^) (wk) ■ tro (xoT^^tA^n)) ■ n (^^'"^ + ^^'"V' (Wk) ■ (3.38) 

k=l k=l 

Here we assume that inhomogeneity parameters wj are given by generic values so that the 
transfer matrices (A^^"") + D^^""^) {wk) are regular for k = 1,2, . . . ,n. 

Making use of the QISP formula fl3.38p we have the following expressions for 6 = 1, 2, . . . , A^^: 

4-i)-M ■ ■ ■ 4-1)+^ = n (^^''"H^.) + D^'^-^wk)) 



k=l 

eb 

:T^'J^{we^b-i)-,i) ■ ■ ■ T^li{we^b-iHe) J] (^^'"H^fc) + D'^'^\wk)y' . (3.39) 

' ^ ' A;=l 
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Here we have denoted by Tq^(A) the {a, /3) element of the monodromy matrix T(A). 

Applying f l3.39p to reduction formula (I3.24p (or ( I3.36P ) we obtain the QISP formula for the 
spin-£/2 local operators. For an illustration, we show the case of 6 = 1 as follows 



(3.40) 



k=l 



Here, we fix a sequence (^^(i))^. 



3.6 Non-regularity of the transfer matrix at special points 

Let us consider the sector of M down-spins on the spin- 1/2 chain with L sites. 

Proposition 3.10. In the sector of M down-spins with 1 < M < L — 1, the spin-1/2 transfer 



matrix A^^"^' ^^{X) + Z}(^™' "-"(A) is non-regular at X = wf^i^_^^^^ + nny^—l for k = 1,2 



and n G Z. Here, w 



C,k is the first rapidity of the kth complete i-string. 



Proof. Calculating the matrix elements of the transfer matrix A^^"^' ^■'(A) + D^^^' ^\X) in the 
sector of M down-spins we show that there exists a pair of column vectors that are parallel to 
each other if A = ^fc. □ 

Thus, the inverse matrix of the spin- 1/2 transfer matrix A^^""' °\X) + D^^""' °)(A) does not 
exist at the special points. We remark that in the sector of M = (and M = L), it is regular 
at A = ^/c + rniy/—! for A; = 1, 2, . . . , A^^ and n G Z. 

For an illustration, let us consider the case of L = 2 with £ = 1 and A^s = 1. The operators 
A and D are explicitly given by 



A 



(2+;0) 

12 



(A) 



/ 1 











\ 





bo2 


C01C02 













boi 







\o 








^01^02 


/ 



D 



(2+;0) 

12 



(A) 



01^02 








o\ 





boi 











^01^02 


bo2 














1 / 



Here we have introduced boj and c^- for j = 1, 2 by boj = b{X — wf^) and c^- 



[1,2] 

(3.41) 
exp(±(A — 



wf^))c{X — wY') for j = 1, 2, respectively. Putting A = w^' = ^1 we have 



,(2) 



(2) 



(2+;0), 



/ 1 \ 

n — 2ii 

^ [2], [2], U 

n -2- ^ n 







(3.42) 



ly 



[1,2] 
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We thus show that the transfer matrix is non- regular at A = — ^i: 

det (Ag-^-''\Ci) + = 0. (3.43) 
In the sector of M = 1 the determinant is given by 

det (Ag-^''\X) + d'^^''\X)) = 4 ^i'^MA - 6) ^g ^^^ 

For an illustration, we shall show in Appendix C that there exists a pair of column vectors 
that are parallel to each other if we set X — ^k: in the sector of M = 1, for the case of L = 3 
with wi — wf^^, wi — w^^ and — 

Consequently, the QISP formula does not hold in the straightforward form for the operator- 
valued matrix elements of the monodromy matrix T''~^^'^\X) for w = ±,p at A = wf^-^_^-^j^^ for 
/c = 1, 2, . . . , Ng. Here we recall that the monodromy matrix T^^'^'^\X) is given by the spin-1/2 
monodromy matrix T^^'^''^\X) by putting e = 0. 



4 Reduction of the matrix elements of spin-£/2 operators 

4.1 Definition of the spin-£/2 off-shell matrix elements and the spin- 
£/2 form factors 

Let |0) be the vacuum vector of the spin-1/2 chain of L sites; i.e., |0) = | t)i §>> ■ ■ ■ §>> | Here 
we recall that the symbol {Xa}M denotes a set of M parameters Aq, for a = 1,2,..., M . 

For given sets of parameters {^a}^ and {A/jIm wc define the off-shell Bethe covectors and 
vectors ({Aia}jv'^''| and |{A^}^"'''), respectively, for w = ±,p as follows: 

N M 

(WS^^I = {0\llC^'-\n.) , \{X,}^-^)=llB'''"\>^,m■ (4.1) 

a=l 13=1 

Here, parameters {fia}N and {A/3}m do not necessarily satisfy the Bethc-ansatz equations. We 
define the spin-£/2 off-shell matrix elements of (^'"^ for w = ±,p by 

Mr''^'-\MN,{^M - {M%'"^\Er'^''"^ |{A,}£-)) . (4.2) 



We also define the spin-£/2 off-shell matrix elements of the general elementary operators 

z,p by 

Mr''^'''\MN,{^p}M) = iM^'-^lEl-^"^'''^ |{A/3}r^) . (4.3) 



^hJiiiv,) for^^ = ±^pby 



Let us assume that {najN and {Xi3}m satisfy the Bethe ansatz equations. We call 



N I 

and KAyg}^"'-') the on-shell Bethe covectors and vectors, respectively. We define the spin-£/2 
form factors of E^j^''''' ^^^^ ior w = ±,p by 
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We also define the spin-£/2 form factors of the general elementary operators E^^'''^ ^ for 
w = ±,p by 

Fl'^'''^''"\{^^.]NAh]M) = ({/^jri^I^'^'^^'^^KA.irV (4.5) 

We have defined the form factors of a local operator by the matrix elements of the operator 
between all pairs of the Bethe eigenvectors, in the paper. However, it is often the case that 
only the matrix elements between the ground state and excited states are called form factors. 

4.2 Commutation relation with the projection operator 

Lemma 4.1. // spectral parameter X is distinct from discrete values such as Wj — rj + mx\/ —\ 
forj = 1,2, ... ,L and n E Z, the projection operator P^2--l commutes with the matrix elements 
of the monodromy matrix Tq^-i^-'^lW — ^o,i2^-l('^; follows. 



Let us assume that all the parameters in {fia}N and {A/jji/ are different from the discrete 
values given by wj^^ — rj + mr\/—l for j = 1,2, ... ,L and n G Z. Here we recall that they 
correspond to A^^ pieces of complete ^-strings minus i] modulo vta/— 1, and the transfer matrix 



is singular at these points. Applying Lemma 14.11 we have 

M M 

l{A,}r) = n {Pil.LB^'^''\>^^)Pil.L) |0) = pS...lIIb''''-'''M |0) (4.7) 

13=1 fS=l 

and 

N N 

({/ijr^i = (oin (^iJ...^^'^^°^(/^«)^i?...) = (oin^^'^^^H/^.). (4.8) 

a=l a=l 

Here we remark that for the off-shell Bethe covectors we can absorb the projection operator 
acting to the left as follows. 

N N 

(oi n^^'^^^H/^.) ■ pi2..L = (oi n^^'^^^H/i^) . (4.9) 

a=l a=l 

However, in eq. (14. 7p we can not remove the projection operator acting to the right. 

It follows from (14. 7p and (14. 8 p that we can evaluate the spin-£/2 off-shell matrix elements by 
calculating the spin- 1/2 ones. For instance, applying (14. 7p and (14. 8 p we reduce every spin-^/2 
off-shell matrix element into a spin-1/2 off-shell matrix element as follows. 

N M 

a=l 13=1 
N M 

= {Q\\{C^'^■''\^^o)E^,''^'^^\{B^'^■^'\\m■ (4.10) 

a=l B=l 
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Here we have made use of Lemma [3.11 in order to delete the projection operator. 

We remark that in Refs. fr2\ [T31 E] there was a nontrivial assumption that the projection 
operator should commute with the operator- valued matrix elements of the spin-1/2 monodromy 
matrix T^^''^'^\X) at an arbitrary value of the spectral parameter A. In fact, the spin-1/2 
monodromy matrix becomes singular if A is equal to some discrete values such as Wj — rj. At 
X = Wj — rj the commutation relation of the monodromy matrix with the projection operator 
becomes non-trivial. If we multiply it with normalization factor sinh(A — Wj + 77) and define 
the normalized monodromy matrix, then its commutation relation with the projection operator 
becomes valid at \ = Wj — rj. 

4.3 Reduction of the spin-^/2 off-shell matrix elements into the spin- 
1/2 ones 

For homogeneous gradings with w = ± and principal grading with w = p, we define a{w) by 

, , I ±1 for w = ± , , , 

ct{w) = I (4.11) 
I U tor w = p . 

We denote by 5„ the symmetric group of n elements. 

Proposition 4.2. Let ii and ji be integers satisfying 1 < ii,ji < I. For arbitrary parameters 
{iiq}n and {A/3}a/ with ii — ji = N — M we have 

N M 

k=l 13=1 

N , , M 

{ep{h))i a=l /3=1 

(4.12) 

Each summand is symmetric with respect to exchange of e'^{ii); i.e., the following expression 
is independent of any permutation tc & Se: 

N , , M 

{0\l[C^'^-''\^ia) ■ e^-(^^)'^^(^'^)...e^-^^^^'^^^^'^^ ■ l[B^''P-''\Xp)\0) . (4.13) 

a=l (5=1 

Proof. In the case of homogeneous grading with w = +, we put (13.361) into (I4.10[) . and we have 
(14.121) through the gauge transformation: 

N N 

a=l a=l 
M M 

l[B'-'+-''\Xf5)\0) = X12-L ■l[B'^'P''\Xf5)\0)e-^^'^. (4.14) 

13=1 /3=1 
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In the case of principal grading with w = pwe shall show explicitly in Appendix D the following: 

N N 



a=l k=l 
N _1 ^ 

llB^'^\X^)\0) = (x^U)' ^i^.lxi...L-n^^'"°HA.)|0) (4.15) 

a=l a=l 

We thus evaluate the form factor as follows. 

N M 

0=1 13=1 
N T M 

0=1 /3=1 

N M 

= (0|nC^^'^^°n/i«) ■ Xi\ET''^''\i-L ■ n5^'"^°nA/3)|0)e(--^-^)«-(^-^)^/2). (4.16) 

a=l /3=1 

Here we remark that 

Applying Proposition 13.71 we obtain eq. f l4.12p for the case oi w = p. □ 

Corollary 4.3. Let us take integers ik and jk satisfying 1 < ik,jk < ^ for k = 1,2, . . . ,m. For 
arbitrary sets of parameters {yUajiv (iiT'd {A/jIm with YlT=i — XlfcLi Jfc = N — M, we have the 
matrix element for the mth product of the spin-i/2 elementary operators with entries {ik,jk) 
(1 < k < m) associated with principal grading as follows: 

N m M m 

(0| . -Q^;..^.(^-) . J]5(^-)(A^)|0) = ■ e'^("')(^^'^^-S.^-) 

Q=l k=l 13=1 k=l 



/ ffcl' [fcl Ifcl' \k\ \ 

X E ■ ■ ■ E (01 n c'^^'^^^^a) ■ n U}k^ ■ ■ ■ ■ n B^^-^wm . 

(4.18) 



The summand is symmetric with respect to exchange of Ea^ (^fc)s for each k of 1 < k < m; i.e., 
the following expression is independent of any permutation tt^^' G Si for k = 1,2, . . . ,m: 

N m [k]'..lk],.. [fc] ' . , [fe] . . . M 

(oin^^^^^^H/^.) ■ n-^(S;-:i"^ ■■■^1:^^' ■ n^"^^°HA,)io). (4.19) 

0=1 k=l 13=1 
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4.4 Consequence of the continuity assumption of the Bethe roots 

We now consider the Bethe- ansatz equations for the integrable spin-£/2 XXZ spin chain with 
inhomogeneity parameters for 6 = 1, 2, ... , A^^: 

a''^K>^a) TT sinh(A^ - A/3 + r^) 

*'(A. {&}«.) =,n^„=inh(A„- A,-,) = (4.20) 

Here we recall L = ^A^^. For intgers i we have set a^^\Xa) = 1 and defined {^k}Ns) by 

sinh(/i - ^fc + ^r]) 

Let {A-yjA/ be a solution of the Bethe-ansatz equations of the spin-^/2 chain with inhomo- 
geneity parameters {^bjAr^ Suppose that {A^(e)}j\/ denotes a solution of the spin-1/2 Bethe- 
ansatz equations with inhomogeneity parameters Wj being given by the A^^ sets of the almost 
complete ^-strings, wf'^^ for j = 1,2, ... ,L. They satisfy the Bethe-ansatz equations for the 
spin-1/2 XXZ spin chain: 

-AM^T)^ TT sinh(A„(.)-A,(.)+.,) (,,22) 

<i(A„(e);{u>f"}i) smh(A„(.) - A,(f) - .,) 

Here we have defined d{fi; {wj}L) by 



dif^; = n - = n (4-23) 

AA AA smh(/i - Wj + r]) 

Then, the Bethe-ansatz equations f l4.22p for the spin-1/2 XXZ chain with wj = wf'^^ (1 < J < 
L) become those of the spin-£/2 XXZ chain by sending e to zero. Here we remark the foUowng 
limit: 

limci(/.;{^^^^)}) = dW(/i;fcU). (4.24) 

Let us now assume that the Bethe roots {A/3(e)}M approach the Bethe roots {A/3}m contin- 
uously in the limit of sending e to 0. It follows that each entry of the Bethe-ansatz eigenstate 
of the Bethe roots {\i3{^)}m is continuous with respect to e. For a set of arbitrary parameters 
{fJ'k}N we therefore have 

N , , M 

(0| JJc'(^p;o)(^j . e\^'''---eY'' ■ \{B^'^-''\\pm 

a=l 13=1 

N , , M 

= \im{Q\WC^'^-'^\^ia) ■ ^'''■■■et' ■ n^^'"^'nA/3(e))|0). (4.25) 

a=\ /3=1 

The inhomogeneity parameters Wj = w^^'"^^ for j = 1,2, ... ,L are generic since the small 
number e takes generic values and parameters are also generic. Putting wj = w'j' in (13.381) 
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we have the QISP formula with suffix (Iw) replaced by {£w; e) for local operator x„. We thus 
have the following expressions for 6 = 1, 2, . . . , iV^: 



e{b~i) 



k=l 

lb 

xCr'<<i-' )«) ■ ■ ■ cr'<<i-' )«) n (-""-"'(-f ") + ■>)) ' (4.26) 

^ * fc=i 

For instance in the case of 6 = 1, applying formula fl4.26p of w = p we have 

JV , , M 

a=l /3=1 

TV M 

= 0,({A,}; {u;f }) (0| n C^'^-'Hf^a) ■ T^^in^^"") ■ " "T^fj/Vf " H 5^'^"HA,(6))|0) . 

a=l ' ^ ' * /3=1 

(4.27) 

Proposition 4.4. Let {^k\N be a set of arbitrary parameters and {Xa}M o, solution of the spin- 
£/2 Bethe-ansatz equations. We denote by {Aa(e)}A/ a solution of the Bethe-ansatz equations 
for the spin- 1/2 XXZ chain whose inhomogeneity parameters Wj are given by the Ng pieces of 
the almost complete (.-strings: Wj = w^^'*"^ for 1 < j < L. We assume that the set {Xa{^)}M 
approaches {Xa}M continuously when we send e to zero. For the Bethe states ({/ifcjTvl one? 
|{Aq,}m); which are off-shell and on-shell, respectively, we evaluate the matrix elements of a 
given product of elementary operators e^'^^ ■ ■ ■ e^/'^' as follows. 

N , , M 

(0| n C^'''-''\l^a) eT' ■ ■ ■ eT n ^^'"^°nA,)|0) 

a=\ /3=1 

TV M 

= 0,({A,}; {wf}) lim(0| H C^''■''\^^a) T^fiw^^-") ■ ■■T^fiwf^^) H B('^-\X,{em , 

«=1 /3=1 

(4.28) 

where 0m({A^}) has been defined by ^^({A/?}; {wj}) = Hjli IlaLi ^(-^a — 'Wj) with h{u) = 
sinh(M) / sinh(M + rj) . 

4.5 Spin-£/2 form factors reduced into the spin- 1/2 ones 

Combining Propositions 14.21 and 14.41 we have the following: 

Proposition 4.5. Letii andji be integers satisfying 1 < ii,ji < £. We setii—ji = N—M. Let 
{/^/cItv be a set of arbitrary N parameters. For a set of Bethe roots {A^(e)}M which approaches 
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{Xi3}m continuously at e = we have the following: 

N M 
a=l 13=1 

N M 

^-^ e^O J-A eiOl),ei(n)' ^ ££Ui),£^U^) ^ J- ± ^ 

iep(ji))e a=l (3=1 

(4.29) 

Let us recall a product of the general spin-£/2 elementary operators, El^'-^^ ^^^^ ■ ■ ■ Em'-'"' ^^^\ 
which we have introduced in Corollary 13.91 We also recall variables £a' (ik) and e^^\jk) which 
take only two values or 1 for A; = 1, 2, . . . , m and a, (3 = 0,1, . . . ,i. We have the following: 

Corollary 4.6. Let us take integers i^ and jk satisfying 1 < ik,jk ^ ^ for k = 1,2, . . . ,m. We 
set Xlfc^fc — Tlikik = N — M. Let {fik}N be a set of arbitrary N parameters. If the set of the 
Bethe roots {A^(e)}j\/ approaches the set of the Bethe roots {\i3}m continuously at e = 0, we 
have the following: 

N M 

{0\l[C^'-\fia) ■llEl^'^-^''"^ ■l[B'^'-\X^)\0) 

a=l k 13=1 



m 



■ e-(-)(^---^^-^^)0.({A,};{^f }) 

k=l / 

N m y s 

X j: ... j: >im(oinc-'n.jnte4.,.,./<^'')---^r4o.)('"J"'') 

M 

X n^^''"nA,(e))|0). (4.30) 

13=1 

Here we have chosen sequences (jk) for each integer k of 1 < k < m. 



5 Spin-^/2 form factors via the spin- 1/2 scalar products 
5.1 Fundamental commutation relations 

For given sequences {e'^)m and {e[3)m we consider sets ol^ defined by eqs. fl3.10p . We also denote 
the sets cx^ by or{{e'^}) and cx^{{e'^}), respectively, in order to show their dependence on the 
sequences {e'^m and {ep)m, explicitly. We take a set of distinct integers aj for j G ol~ and 
for k G OL^ such that they satisfy 1 < < for j G or and 1 < a), < + /c for A; G a^. For 
the given set of a^, a'j, we introduce Aj and Aj by 

Aj = {b; 1 < b < N + m, b ^ at, % for k < j} , 

A'j = {b;l < b < N + m, b ^ ak tor k < j,b ^ a'f,ioi k < j}. (5.1) 
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Setting rapidities /j-n+j by 

IXN+j = Wj, for j = 1, 2, . . . , m , 
we can show the fundamental commutation relations as follows [7j. 



(5.2) 



N 



(01 nc^'""wp:';,:;('' 



Ka=l 



N 



N+j 



j€OL-{{e'„}) % = 1 jeCX+{{efi}) a'^=l J 



n E n E G;::::;f' "((^.)..™)(oi n c<^"(p^ 



where coefficients G^^°'''"/\^^'''''"((yUa)Af+m) are given by 

{aj , } 



n 

j(iCX+{{e(i}) 



Yf^^ ^ , sinh(/ib - /i^/ +ri)\ 



X n 

jea-({4}) 



6=l,feGA, 



v 



(5.3) 



Here we recall 



k=l 



(5.4) 



We consider the sums over integers aj and such that they satisfy 1 < a^- < and 
1 < < + j for j G a" and G Q;+, respectively. Hereafter, we express the products of the 
sums over and by the symbol X]{a a'.}' follows. 













E 


= n 




n 


E 













(5.5) 



5.2 Form factors as a sum of the spin- 1/2 scalar products 



We shall evaluate the spin- ^/2 form factor F^'^' ^^""^({/i^jiv, 

We ffist define the scalar product in the spin-1/2 case for two sets of M parameters {/Ua;}m 
and {\}m by 



M 



M 



^^^({/ii, . . . , /iM}, {Ai, . . . , Am}; K}l) = (0| n C^^'Kl^k) n B^'^\\,m . (5.6) 



k=l 



7=1 
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Here {^k}M and {\^}m are not necessarily solutions of the Bethe ansatz equations. We define 
the scalar product for the spin-£/2 operators B^^P\nk) and C-^^^Xk) for A; = 1, 2, . . . , M, by 



M M 



4?({-"4,{A,};{aK) = {0\llC^''\f^a)llB^'P\X,)\0). (5.7) 



a=l 



Here we also recall that {nk}M and {X-y}M are not necessarily Bethe roots. 

Let us first review Slavnov's formula of scalar products in the spin-1/2 case [2J: if Ai, A2, . . . , Am 
satisfy the spin-1/2 Bethe-ansatz equations for the spin-1/2 XXZ spin chain with inhomogeneity 
parameters Wj, the scalar product is expressed in terms of the determinant: 

qW(f,, 1 iX 1. I,n I \ - det H{{Xa}M, {f^kjM] {Wj}l) . . 

ni<Kfe<M sinh(/xj - fik) Ui<a<p<M sinh(A/3 - A„) 
Here, the matrix elements of H with entry (a, b) for a,b = 1, 2, . . . , M are given by 

Ha,b{{X}M,IJ'b; {wj}L) = . , r(a(/i6) TT sinh(Afc - /ife + 77) 

smh(A„ - /ife) V ^^^^^^^ 

M 

-d{^b;{wj}L) Yl sinh(Afc - /if, - r]) j . (5.9) 

Here we recall that d{n; {wjIl) = 11^=1 sinh(/i — Wj)/ sinh(/i — wj + 77). 

We remark that it is sometimes useful to make use of the following relations: 



Lemma 5.1. For two sets of arbitrary parameters {yUfc}Af+m one? {A^}a/ we have 

N M 

a=l 7=1 
M M 

= (OinC^^^HA/.) ■ T^'^l if^N^m)---T^}%N^i) ■ UB^''\f^,)\0) . (5.10) 

/3=1 7=1 

We now consider the matrix element of an mth product of the spin-1/2 operators with 
respect to given bra and ket vectors, ({/iajTv^'"'' | and |{Aa}^^'°^), respectively. We define P by 
P = N — M, where P can be negative. Setting (j^n+j = wj for j = 1,2, ... , m, we have 

a=l / ^ 7=1 

M 

= E ^k!:^ '^"(('"'^w-) (oi n c'(/i,) ■ n 5(^7)10) 

{aj,a^} keAm+i{{aj,a-}) 'l'^^ 

X 'S'm ({/il, ...,^iN,Wi,.. .,W^} \ {fIa,,fJ'a'Jm+P, {X^}m] {Wj}l) . (5.11) 
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Here we remark that the number of elements in the set {aj, a'j^} is given by m + P. 

Let us now consider the case of m = i for the form factor of the spin-£/2 operators. For 
a given sequence of parameters fik for 1 < < we extend it into a sequence of length 
N + i hj setting fik = w^k-^ ioi k = N + 1, . . . , N + I. We define another sequence /ifc(e) for 
A; = 1, 2, . . . , AT + £ by 

(\ I ioil<k<N, 

I '^k-N ioT N < k < N + t. 
Substituting flHTTTj) into we have 

N , , M 

(0| n C^''-''\f^a) ■ ■ ■ eT' n ^^'"^°HA/3)|0) 

a=l /3=1 

X lim^il^({/ii(e), . . . ,/i7v(e), wf''\ . . . , \ {/^a, (e), /i^' (e)}£+P, {A^(e)}A/; {wf^^}^)- 

(5.13) 

We shall explicitly express the limiting procedure in the last line of (15.13p . Here we recall the 
Bethe-ansatz equations (BAE) for the spin-£/2 case fl4.20p and the limiting procedure fl4.24p . 
where the spin-£/2 BAE is derived from the spin-1/2 BAE with almost complete strings wj^'*^^ 
by sending e to 0. Let us now consider the case where some of /Xfc are given by inhomogeneity 
parameters Wj. We first define the following function: 

i-rTV. sinh(M-gfc) r , it) 

llfc=i sinh{A*-Cfc+f^) "Jj 
for /i = Wj"' . 

We next introduce the matrix H'^^^' . We define the matrix elements of the matrix H^-^^' with 
entry (a, b) for a, 6 = 1, 2, ... , M, by 

sinh ^ 
Ha\ ({A}m, ^^b] {ik}Ns) = .^w^ ^ — r (a{fib) JJ sinh(Afc - fib + v) 

Sm 1^ a fJ'b) k=l;kjta 

M 

-d^'Hf^b;{^k}Nj n sinh(Afc - /ib - 7])) . (5.15) 

k=l-,ky^a 

If {A/3}m satisfy the Bethe ansatz equations of the spin-£/2 XXZ spin chain with inhomogeneity 
parameters C,k, we define the expression S^^ {{^^k}, {A}; {^fc}AfJ by 

qW({,,l {\i .rpi ^_ det #(^)'({A»}Af , {fikjM] {6}jvJ 

lli<i<fc<M sinh(/ij- - /ifc) lli<„<^<A/ smh(A/3 - A^) 

In eq. fl5.13p . sending e to zero, for a given set of integers {aj, a'f^} we have 

^}^^S[^h{f^kie)}N+£ \ {/ia,(e),/i„'^(e)}^+p, {A;3(e)}A/; {wf ^}l) 

= Sm {{f^k}N+e \ {Ha,,fia'J^+P^ {A/3}a/; {6}wJ • (5-17) 
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d^'Hl^A^k}Nj = \ ii^=^-M^-«^+^'') . (5.14) 



We summarize the result as follows: 



Lemma 5.2. Let {A^}m be a solution of the Bethe ansatz equations for the spin-l/2 chain 
with inhomogeneity parameters C,k ^ k < Ng), and {fik}N o set of arbitrary parameters. We 
assume that {A/3(e)} is a solution of the Bethe ansatz equations for the spin-1/2 chain with 
Wj = wj^'^^ j L) and it approaches {A^}m continuously at e = 0. We express the matrix 
elements of a product of the spin-1/2 operators in the limit of sending e to in terms of the 
modified scalar product S''-^^' as follows. 

N M 

e— ^0 ^1)^1 J- J- 

k=l 13=1 

X Sm ({/^l, • • .,fiN,wf\ . . .,wf^} \ {fia,,fJ'a'Je+P^ {><'y} Al] {^fcjivj • (5-18) 

Here, P = N — M and we have set fJN+j = Wj for j = 1,2, . . . ,i. 

Through Lemma [5.21 we show the following: 

Proposition 5.3. Let {A^}m be a solution of the Bethe-ansatz equations for the spin-i/2 chain 
with inhomogeneity parameters ^a; A — ^ — ^s), and {^ik\N o, set of arbitrary parameters. We 
assume that {A^(e)} is a solution of the Bethe ansatz equations for the spin-1/2 chain with 
Wj = w^^'^^ "£ j "£ L). Then, every spin-i/2 form factor associated with the Bethe roots 
{A-yjAf can be expressed as a sum of the spin-1/2 scalar products. For instance, we evaluate the 
form factor of the spin-i/2 elementary operator as follows. 

N M 

Ft^ ^''"\{^^.}N, {Mm) = (0| n C^''"\f^a) ■ E^'^^ ^'""^ ■ n B^'-\X,m 

a=l p=l 
(e/3(il))£ {aj,a'^} 

X Sf) ...,fiN,wP,..., W^} \ {fla,,f^a' {\}m; {^j^vj- (5.19) 

k 

Here we have fixed a sequence e'aih)- 

It is easy to show the formula corresponding to (15.191) for a given product of the spin-£/2 
elementary operators such as El'''' ^'""^El"''' ^'"^ • ■ ■ Et''"" ^'"^ 

6 Spin-s XXZ correlation functions in a massless region 

Applying the reduction formula we now derive the multiple-integral representations of the 
correlation functions of the integrable spin-s XXZ spin chain in a region of the massless regime: 
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< C < 7r/2s. Here we remark that integer 2s corresponds to integer £ of V^^\ We show only 
the main results. In fact, we derive them by following mainly the procedures of Ref. pL3j except 
for the evaluation of the expectation values of products of the spin-s operators. 

Let us review the main procedures for deriving the multiple-integral representation of the 
spin-s XXZ correlation functions, briefly. First, we introduce the spin-s elementary operators 
as the basic blocks for constructing the local operators of the integrable spin-s XXZ spin chain. 
Secondary, we reduce them into a sum of products of the spin-1/2 elementary operators, which 
we express in temrms of the matrix elements of the spin-1/2 monodromy matrix through the 
spin-1/2 QISP formula. We then evaluate their scalar products with Slavnov's formula of 
the Bethe-ansatz scalar products, we we have shown in §5. Here, the expectation value of a 
physical quantity is expressed as a sum of the ratios of the Bethe-ansatz scalar products to the 
norm of the ground-state Bethe-ansatz eigenvector, and the ratios are expressed in terms of 
the determinants of some matrices. Thirdly, by solving the integral equations for the matrices 
in the thermodynamic limit, we derive the multiple- integral representation of the correlation 
functions. Here, the integrals and their solutions for the spin-s case are given in Ref. jl3] . 

6.1 Conjecture of the spin-s Ground-state solution 

Let us now consider the ground state of the integrable spin-s XXZ spin chain in the massless 
regime. Here we remark that integer 2s corresponds to integer i of V^^\ In the massless regime 
we set 7] = iC, with < C < tt. For the spin-s case, in the region < C < 7r/2s we assume that 
the spin-s ground state \ipf^'^) is given by Ns/2 sets of the 2s-strings: 

= _ (a - l/2)r7 + , for a = l,2,...,Ar,/2 and a = l,2,...,2s. (6.1) 

Here we also assume that string deviations 5^"^ are small enough when Ng is large enough. In 
terms of \^a \ the spin-s ground state associated with grading w is given by 

Ns/2 2s 

i^f "'^) = n n^^'^'"^(^i°M6}A^jio). (6.2) 

a=l a=l 

Here we have M Bethe roots with M = 2s iV,/2 = sN^. 

6.2 Multiple-integral representations for arbitrary matrix elements 

Let us now formulate the multiple-integral representations of the spin-s XXZ correlation func- 
tions in the general case for the massless region: <(< 11/23. We define the zero-temperature 
correlation function for a given product of the general spin-s elementary operators with grading 
w El''^' ^^'^^ ■ ■ ■ Et'^"' which are (2s + 1) x (2s + 1) matrices, by 

m 
k=l 
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For the mth product of elementary operators, we introduce the sets of variables s and 
^jj^^s (1 < A; < m) such that the number of = 1 with 1 < a < 2s is given by ik and the 
number of ej^^' = 1 with 1 < b < 2s hj jk, respectively. Here, the variables e^' and ej^^' take 
only two values or 1 (see also Corollary 13. 9p . We then express them by integers e'jS and ejs 
for j = 1,2,..., 2sm as follows: 

4sffc-i)+a = ^a^' for a = 1,2, . . . ,2s; = 1,2, . . . ,m. 



e2s(k-i)+i3 = for /3 = 1,2, . . . ,2s; A; = 1,2, . . . ,m. (6.4) 



'2s(k-l)+a 

For given sets of €j and e'j for j = 1,2, .. . , 2sm we define cx by the set of integers j 
satisfying e'j = 1 and a+ by the set of integers j satisfying ej = 0: 

= 0; 4 = 1} ' «^({^.}) = 0; = 0} ■ (6-5) 

We denote by r and r' the number of elements of the set cx~ and a"'", respectively. Due to charge 
conservation, we have r + r' = 2sm. Precisely, we have r = YlT=i ~ 2sm — XlfcLiifc- 

For sets or and a"^, which correspond to {e^} and respectively, we define integral 

variables \j for j E and A!,- for j G a"^, respectively, by the following: 

(\' , ^im,„, ^imar.) = (•^1) • • • ) •^2sm) • (6.6) 

Jmax Jmin 

We now introduce a matrix S = S (^{Xj)2sm', {w^^^'')2srn^ ■ For each integer j satisfying 
1 < j < 2sm, we define a{Xj) by a{Xj) = 7 for an integer 7 satisfying 1 < 7 < 2s if Aj is 
related to an integral variable fij through A-,- = fij — (7 — l/2)i] or if Xj takes a value close to 
w^^^^ with /3(/c) = 7. Thus, /Xj corresponds to the "string center" of Xj. Here we have defined 
PU) by 

P{j)=j-2s[[{j-l)/2s]] (l<j<M). (6.7) 

Here [[x]] denotes the greatest integer less than or equal to x. We define the (j, k) element of 
the matrix S by 

5'i,fc = p(Ai-wf^+r//2)5(a(A,),/3(fc)), for j. A; = 1, 2, . . . , 2sm . (6.8) 

Here p(A) denotes the density of string centers [13], and 6{a, (3) the Kronecker delta. We obtain 
the following multiple-integral representation: 

"oo+ie fOO—i{2s—l)(^+ie \ / poo+it /•oo—i{2s—l)Q+ie 

X I / +■■■+ / UAi--- / +■■■+ / HA,, 

-00— i(2s— / \J —oo+ie J —oo~i{2s—l)(^+it 



poo—ie i'00—i{2s~l)C,~ie \ / poo—ie /"oo— j(2s— 1)^— ie \ 

X I / +■■■+/ rfA/+i ■■• / +■■■+/ dX2sm 

—oo—ie J —oo—i{2s—l)(^—it J \J—oo—it J —oo—i(2s—l)C,~ie I 

^ $Z Q({£^i,4};-^i,---,-^2sm)detS'(Ai,...,A2sm)- (6.9) 

Q: + ({e^}) 
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Here the sum of cx.^{{6j}) is taken over all {ej} corresponding to {e^^^} {1 < k < m) such that 
the number of ef^^ = 1 with 1 < 6 < 2s is given by jk- QH^j, ^'j}', Ai, . . . , X2.sm) is given by 



Q{{ej,ej}; Ai, . . . , X2sm. 

n 



:-iY 



ijGa- ({<.}) 



ni=i sinh(Aj- - + 7]) nr=7+i sinh(Aj - 



r2sm 



(2s) ^ 



X 



ni<fe<^<2sm sinh(A^ -Xk + v + 
Uject+ae,}) (nCl sinh(A^. - - ri) UlT^+i sinh(A^ 



ni<fc<£<2smSinh(u;f') - -'^''^^ 



(6.10) 



In the denominator we set ek/ = ie for Im{Xk — Xe) > and tk/ = —ie for Im{Xk — Xe) < 0, 
where e is an infinitesimally small positive number. The coefficient C^'^^\{ik, jk}) is given by 



fc=i 

m 



n 



dUk) F{2S, Ik) j^(2s-i^,)/2-h(2s-i,,)r. 



\ Kgi^k) F{2sjk) 



(6.11) 



Here we have made use of K30\f and (l539|) . If we put g{2s,j) = ^/F{2s,j) for j = 0, 1, . . . , 2s 
into (16.111) . we have 











-1 




2s 




2s 















(6.12) 



In fl6.10p we may take any a {{s'j}) corresponding to Sa s for k = 1,2, ... ,m, as far as the 

\k] ' 

number of =1 with 1 < a < 2s is given by ik for each k. 

We can show the symmetric expression for the multiple-integral representation of the spin-s 
correlation function Fm^^\{ik,jk}) as follows. 



Ft'"\{^k,Jk}) 



C^'^K{7k,Jk}) 



n 



sinh^^(7r(efc-6)/C) 



ni<„<,<2. sinh™(/3 - a)v ^JJ^^^ n?ii UlU smh(e. - + (r - j)r^) 



X J2 (sgnt^) n 

'TG523m/(5m)2» j = l 



2sm 



dfi^j n 

j=r'+l 



Uti Ul=i smh(A, - 6 + /3v ) 
\ n)^iCosh(7r(/ij -^fe)/C) 



■ ■ ■ X] Q Xal, A^(2sm))) J]^ 



■2sm- 



2 2s 



(2<) 



2sm 



JJ JJ sinh(7r(/i2s(a~l)+7 - f^2s{b-l)+^) / C) ■ 



(6.13) 



7=1 l<b<a<m 



Here Aj are given by Xj = fij — {f3{j) — 1/2)7] for j = 1, . . . , 2sm, and (sgna) denotes the 
sign of permutation a G S2sm/{<Sm)'^^ ■ The coefficient C^'^^\{ik,jk}) is given by (16.111) . and 
Q'{{ej,e'j};Xi,...,X2srn)) is given by (^'({ej, e^}; Ai, . . . , Aa^m)) = Q({£:j, 4); Ai, . . . , Aa^m)) x 
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Y[i<k<e<2sni^^^^i^k " "^e )• recall that the sums over {e^ } are taken over all s for 
1 < k < m such that the number of integers /3 with e^'^'' = 1 and 1 < /3 < £ is equal to jk for 
each k. 

In Appendix E we shall explain the derivation of the symmetric expression for the multiple- 
integral representation of the correlation functions. 

6.3 Relations due to the spin inversion symmetry 

We shall derive a consequence of the spin-inversion symmetry. We shall assume that it should 
hold for the ground state of the integrable spin-s XXZ chain associated with even L. Here we 
recall L = 2sNs and A^^ is the number of the lattice sites of the spin-£/2 XXZ chain and L that 
of the spin- 1/2 XXZ chain associated with it. 

Let us denote by {ipg^'^^''^^) the Bethe-ansatz eigenstate with M = sNg down-spins for 
the spin-1/2 XXZ transfer matrix under zero magnetic field. It is given by I'lpg^^^''^^) = 
n^li -S''^''"''*^H'^7)|0) with M = L/2 where inhomogeneity parameters are given by the Ng 
pieces of the complete 2s-strings, wf^^ for j = 1, 2, . . . , L. We now assume that it has the spin 
inversion symmetry: 

L 

f/|^(2^-;0)) = ±|^(2^-'0)) for U = Y[a] (6.14) 

It leads to symmetry relations as follows. 

(^(2.-;0)| ■ .-ei^'''' iV^f "'^°)) = (^f -^°)| el-''^''^'' ■ ■ -ejr-''"'" iV'f -^o)) . (6.15) 

For the XXX case where the parameter q is given by 1, we can show that the spin-1/2 XXX 
transfer matrix with arbitrary inhomogeneity parameters Wj has the SU{2) symmetry and 
hence every Bethe-ansatz eigenvector is a highest weight vector of the SU{2). Thus, the Bethe 
eigenvector with = has the total spin 0, and hence it is invariant under any rotational 
operation. Therefore, it has the spin inversion symmetry. For the XXZ case where q is not 
equal to 1, the spin-1/2 XXX transfer matrix with arbitrary inhomogeneity parameters wj does 
not have the SU(2) symmetry, in general. However, we assume that it has the spin inversion 
symmetry such as the XXX case. 

Applying the spin-inversion symmetry fl6.15p we derive symmetry relations among the ex- 
pectation values of local or global operators. 

For an illustration, let us evaluate the one-point function in the spin-1 case with ii = ji = 1, 
{eI'^^^^^). Setting 4 = and £2 = 1 we decompose the spin-1 elementary operator in terms of 
a sum of products of the spin-1/2 ones 

(^(2p)|^M(2rt|^(2p)^ = (^f ^^°)|ere^''|^^^°^) + (^f ^^°^|ere^' • (6-16) 
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Through the symmetry relations fl4.13p with respect to we have the following equalities: 

(^f-^°)|eJ'^e°'Vr^°)) = (<^^^°)|ere^'V?^^°^ (6-17) 
From spin-inversion symmetry f l6.15p we have 

(V^f ^^°))|ere^'Vr^°^) = (V^r^°^|ere°'^|^(^-°)) (6.18) 
and hence we have the equalities of the four terms. We therefore obtain the following: 

^)|E|''('^Vf) = 2(V^f^^°)|e?'°e^'Vf"^°^)- (6.19) 



We thus derive the double- integral representation of the one-point function given 
in Ref. [13]. For the spin-1 case, each of the one-point functions is given by the double integral 
associated with a single product of the spin- 1/2 operators. 
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A Derivation of Proposition 13.7 



It follows from Lemma [3.11 that we have E^'^^^"^^ = pW_£;*'J' (^"'). We therefore have 



Applying Lemma [3.31 we have 
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Taking the sum over sequences {s'ai^))e with Lemma IXBl we have 



J 



q 



j(i-l)/2-i(j-l)/2 



-{a{l)+---+a{i)-i) 



(A.3) 



We move the conjugate vector to the left in flA.Sp . and through fl3.15p we express 

^a(i) ' ' ' ^a(i) 1 1^' 0) 0| I'^wi) ' ' ' '^bij) terms of the spin-1/2 elementary operators, we have 



(e/3(i))« 



J 



1 



i{i-l)/2-j{j-l)/2 



. . (a(l)+...+a(i)-i)„6(l)+---+b(i)-i 



9 



9 



(A.4) 



Applying the gauge transformation of Lemma 13.41 to flA.4p we obtain Proposition 13. 71 



B Reduction of spin-£/2 Hermitian elementary operators 

Let us introduce vectors | \i, n) which are Hermitian conjugate to (£, n\ \ when \q\ = 1 for positive 
integers i with n = 0,1, . . . ,£ [13\. Setting the norm of | \£, n) such that {£, n\ \ \ \i, n) = 1, vectors 
\\i,n) are given by 

l<ji<---<i„<£ 

We define the spin-£/2 Hermitian elementary matrices associated with homogeneous grading, 

Ei'i(^'+)^ by 

E^''^'''-^ = \\iJ){i,j\\. (B.2) 

Introducing gij by 
we have 

,i(i-l)/2-j(j-l)/2 ^-{a{l)+-+a{i)-i)+{b{l)+-+bU)-j) 

(B.4) 




(B.l) 



— 1 
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We derive the reduction formula for the Hermitian elementary operators E^'^^^'~^^ as follows. 

^i(i-l)/2-j0-l)/2|j^^ 







' i ' 


-1 




i 


q 


_ j _ 


( 

q 





(B.5) 



Here, applying Lemma [3.31 we show that the inside of the parentheses (or the round brackets) 
is independent of a{k)s. Making use of the following: 



E 1 



(B.6) 



we thus have 







' I ' 


-1 




-1 


i 


q 


_ J _ 


q 


\}} 





j(i-l)/2-j(i-l)/2 



E ^:(i)---^a«ii^'0)(^'Oii<i)---<.)^ 

(£/3(i))^ 



(B.7) 



Here we have applied Lemma 13.41 to derive the last line of eq. flB.7p 



C Non-regularity of the transfer matrix 



Let us consider the case of L = 3. We introduce h^j and c^^- for j = 1, 2, 3 by h^j 
and c^- = exp(±(A — iL'j^^))c(A — vjf^') for j = 1, 2, 3, respectively. 
The matrix elements of the operator ^4^23 

i C02C03 C01602C03 \ 



1, 2, 3, respectively. 
^^^■"(A) in the sector of M = 1 are given by 



M=l 





V 



bo2 




^01^02 



(C.l) 



and those of the operator ^123^'' (-^) ^^e sector of M = 1 are given by 



D 



(3+;0) 
123 



(A) 



M=l 



/ &01&02 

^OlCo2Co3 
\ '^01 '^03 





^01^03 
^01^02 ^03 





^02^03 / 



(C.2) 
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(2) (2) 

Let us set wi — wl — ^i, W2 — W2 — — rj, and ^3 = ^2- Setting A = ^1 we have 



(2+;0), 



5^=1/2 



v 



bi3 


[2], ^13 


[2], ^13 





1 




[2], 


[2], 


'-IS 







(C.3) 



Here, the second and the third columns are parallel. Thus, the determinant of the spin- 1/2 
transfer matrix in the sector of M = 1 is non-regular. 



0, 12-Ar, 



D Reducing spin-^/2 Bet he states with principal grading 

In order to evaluate the spin-s form factors for the spin-s elementary operators (^p) associ- 
ated with principal grading, we first transform them into those of homogeneous grading, and 
then apply to them the formula for expressing the spin-s elementary operators in terms of a 
sum of products of spin-1/2 elementary operators. 

Let us recall the gauge transformation Xo'i2---Ns which maps the higher-spin transfer matrix 
associated with principal grading of type to that of homogeneous grading: 

(A) = xi;',?...„.Ti"''(A)(xi,:i?.....)" 

We also recall that the C operator acting on the tensor product of the spin-£/2 representa- 
tions (V^(^))®^'' is derived from the C operator acting on the tensor product of the spin-1/2 
representations multiplied by the projection operators: 

Here, through the spin-1/2 gauge transformation we have 
We therefore have ({Ata}iv'^^| ^ 



N ^ / _1 



N N 

a=l a=l 

N 

k=l 
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Precisely we derive it as follows: 

N N 



k=l k=l ^ ^ 



k=l 

= {oin(^';.".c"+^°'(AOe-«p<!',) -xS'u 

k=l 

N 

k=l 

Here we have made use of the commutation relation with the projection P^.^^^. Thus, we have 

N 



k=l 



k=l 



Similarly we have 



N 



a=l 

N 



a=l ^ 

-1 ^ 

- {xfUy P^-lX.-l ■ Y[B^'-''\Xo.m . (D.5) 

a=l 

E Symmetric multiple-integral representations 

For the spin-1 case, let us express the double sum X]^/(ci,C2) in the symmetric form 
which leads to the symmetric expression of the multiple-integral representations. Here Ci and 
C2 run through from 1 to M corresponding to all the 2-strings of the ground state. 

Recall that variable Cj {1 < j < 2sm) takes integers from 1 to M = Ns which correspond to 
Ns/2 sets of 2-strings. We express them in terms of integers a{j, j3) for /9 = 1, 2, where a(j, (5) 
take integral values from 1 to Ns/2. We first express the sum over ci in terms of a(l,/3) as 
follows. 

M/2 M/2 
ci a(l,l)=l a(l,2)=l 



38 



More precisely we have 

M/2 M/2 

E/(^i)= E /(2(a(l,l)-l) + l)+ E /(2(a(l,2)-l) + l) (E.2) 

ci a(l,l)=l a(l,2)=l 

For the spin-1 case with one-point function (m = 1) we have 

m' M ( M 12 M 12 \ / M/2 M/2 \ 

ci=l C2=l \a(l,l)=l a(l,2)=l y ya(2,l)=l a(2,2)=l y 

m'/2 m/2 m'/2 m/2 m'/2 M/2 m'/2 M/2 \ 

E E + E E + E E + E E 

^a(l,l)=l o(2,l)=l a(l,l)=l a(2,2)=l o(l,2)=l a(2,l)=l a{\,2)=\ a{2,2)=\ j 
M 12 M/2 M 12 M/2 \ 

0+ E E + E E +0 (E.3) 

o(l,l)=l a(2,2)=l a(l,2)=l a(2,l)=l j 

Here we recall that /(ci, C2) vanishes if the types of string rapidities ci and C2 are the same. 

Let us now introduce variables aj (j = 1, 2) which correspond to the centers of the 2-strings. 
We define an integer- valued variable Cj which is a function of as follows 

c, = 2(a,-l) + /3(j) (E.4) 

Then, in terms of permutations tt in the symmetric group ^2 we express the sum as follows 

m' M m'/2 m/2 m'/2 m/2 

E E /(^i' = E E /(^i' + E E h) 

CI C2 ai=l a2=l a2=l ai=l 

m'/2 m/2 m'/2 m/2 

= E ^fi.^el,^e2)+ E E /(C(12)1,C(12)2) 

ael = l «e2 = l 1(12)1=1 tt(12)2 = l 

m'/2 m/2 

= E E E (E.5) 

7r65 07rl=l a,r2 = l 

We thus have 

m' M m'/2 m/2 

E E /(^i' = E E E /(^'^i' ^^^2) (E-6) 

ci=l C2=l 7rg<S a^i=l a^2=l 

The result leads to the symmetric expression of the multiple-integral representation. 
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